We construct a large family of Planar Maximally Entangled (PME) states which are a wider class of multi-partite entangled states than Absolutely Maximally Entangled (AME) states. These are states in which any half of the qudits are in a maximally mixed state, provided that they form a connected subset. We show that in contrast to AMEs, PMEs are easier to find and there are various PMEs for any even number of qudits. In particular, while it is known that no AME state of four qubits exists, we show that there are two distinct multi-parameter classes of four qubit PMEs. We also give explicit families of PMEs for any even number of particles and for any dimension.
I. INTRODUCTION
In contrast to bipartite entangled states where we have a complete knowledge about their characterization and measures of entanglement at least for pure states, our knowledge about multipartite states is far from satisfactory. It is now well known that multipartite entanglement is an important resource in areas like quantum networks [1] , tensor networks [2] , quatum metrology [3] [4] [5] , and distributed quantum computing [6, 7] . This makes the study of multipartite entanglement an appealing and important problem in quantum information theory which may remain to be so for years. While for the bipartite case, Bell states define the top maximally entangled states in the hierarchy of bipartite states, for the multi-partite states there is no single hierarchy and it has been shown that there are independent families of states which cannot be inter-converted by Local Operation and Classical Communication (LOCC) [8] [9] [10] . The number of these families grows rapidly with the number of particles. Moreover, in the multipartite case the number of possible partitions for which we have to characterize the entanglement grows exponentially, making the problem of defining maximally entangled states very problematic. Therefore one has to define maximal entanglement with a view toward specific applications. It is in this background that in recent years the concept of Absolutely Maximally Entangled (AME) states has emerged and has been extensively studied [11] [12] [13] [14] [15] [16] . These are the states of n particles such that any collection of n 2 particles are in a maximally mixed state. A prototype of this is the GHZ state for 3 particles. It has been shown that these states have a rich structure with many connections to other concepts in mathematics and applications to physics including parallel teleportation and threshold quantum secret sharing schemes [11] , quantum error correcting codes [14] , combinatorial designs [17] [18] [19] , and microscopic models [20] [21] [22] of holographic duality [23, 24] .
In a long search for the AME states, it has been shown that for each fixed number of particles n when the dimension d of states grows, it is generally possible to find such states, however for low dimensions there are severe restrictions. For example it has been shown that for qubits (d = 2), there are no AME states when n = 4 [25] . For n = 5 and n = 6 AME states are known to exist [26] [27] [28] , and n = 7 qubit states are proved not to exist [29] . See [30] for a list of positive and negative results.
II. SOME PRELIMINARY FACTS
Consider a partition of the particles into parts A and B with |A| ≤ |B| and expand a state |Ψ as
Then the density matrix of part A is given by
For this density matrix to be maximally mixed, we require that the states {|k } form a basis for the Hilbert space of part A and the states {|φ k } be orthogonal and with equal norm. Another way of saying this is to demand that the operatorΨ
be proportional to an isometry, that isΨ †Ψ ∝ I A . For AME states, this condition should be satisfied for all of the partitions, and for PME states, we demand that this condition be satisfied only for connected partitions, i.e. partitions composed of adjacent particles, given the periodic boundary condition. When |A| = |B| = N , the operatorΨ will be proportional to a unitary. In this case, when ρ A = 1 N I A , one has also ρ B = 1 N I B . Finally we should note the obvious fact that when A is in a maximally mixed state, any subset of A is also in a maximally mixed states. With these preliminaries, we can now construct various families of PMEs for different even number of particles and in different dimensions. We start from the simplest case of four qubits.
III. FOUR PARTICLE PME STATES FOR QUBITS
For 3 particles, and in view of the periodic boundary conditions, there is no difference between an AME state and a PME state. The only AME state is the GHZ states |GHZ = 1 √ 2 (|000 + |111 ). The difference between AME states and PME states starts at n = 4 particles. It is well known that for qubits, there is no AME states of four particles [25] . We now ask if there are any PME states of qubits for n = 4. Consider a general state of four qubits |Ψ = 1 2 1 i,j,k,l=0 α ijkl |i, j, k, l .
A basic result of [32] on generalized Schmidt decomposition of multi-partite states indicates that with a suitable choice of basis one can always fulfill:
α 1000 = α 0100 = α 0010 = α 0001 = 0 (5) and α 1111 , α 1110 , α 1101 , α 1011 , α 0111 , real and nonnegative.
This state can be partitioned as |Ψ 12,34 = 1 2 |00 |φ 00 + |01 |φ 01 + |10 |φ 10 + |11 |φ 11 ,
where we have used the partition (12, 34) as denoted in the left hand side. For this state ρ 12 = I 4 , if and only if
Expressed equivalently, this means that the matrix whose columns are the vectors |φ ij should be a unitary matrix. One can do a similar decomposition for the partition (23, 41) in the form |Ψ 23,41 = 1 2 |00 |χ 00 + |01 |χ 01 + |10 |χ 10 + |11 |χ 11 ,
from which one concludes that the matrix whose columns are the vectors {|χ ij } should also be unitary. Expanding both sets of vectors in terms of the computational basis, one finds that the following different matrices formed out of the coefficients α ijkl should be unitary at the same time:
and
This already shows among other relations that from U α 1100 α 1101 = α 1100 α 1110 = α 0011 α 0111 = α 0011 α 1011 = 0 (12) and from W α 1001 α 1011 = α 1001 α 1101 = α 0110 α 1110 = α 0110 α 0111 = 0.
Taking into account these relations and others coming from the unitarity of U and W , we find two classes of solutions. Note that if two solutions transform to each other by cyclic permutation of particles, we consider them in the same class.
A. Class A
In the first class, unitaries U and W have the following forms:
where a 0 0 b and c d e f are unitary matrices. One can choose the overall phase in a way that c d e f becomes a special unitary matrix. Furthermore, in our basis, d and f are real. So we have c d e f = cos θ sin θ − sin θ cos θ and also, a and b are pure phases. So, the final state after absorbing the phase of a in the definition of |0 1 for the first qubit, will be given by
One can easily check that this is a PME state, namely ρ 12 = ρ 23 = ρ 34 = ρ 41 = I 4 . Note that by Schmidt decomposition, the relations ρ 34 = ρ 41 = I 4 follow from ρ 12 = ρ 23 = I 4 , that is why we have considered only two matrices to be unitary. Therefore, we have a two parameter family of PME states for four qubits. By taking α = θ = 0, we come to the following state, which is a product of two Bell states.
where |φ + = 1 √ 2 1 i=0 |i, i . This state is invariant under the cyclic permutation of qubits, i.e. |ψ 1234 = |ψ 4123 . As we will see in the next section, this PME plays a basic role in our construction and it can be generalized to more complex PME states in any dimension and for any number of particles.
B. Class B
In this case, we have
should be unitaries. Also, d is a real parameter. We can choose the overall phase in a way that X 0 becomes special unitary. This choice forces the matrix U to be of the form
Therefore, the PME states of this class have the form |ψ = cos θ |0000 + sin θe iα |0011 − sin θe −iα |1100 + cos θ |1111
which is a four parameter state. Note that by putting θ = α = β = γ = 0, we again have a state of product Bell states, Eq. 16. As a matter of fact, this state is the only state that can be written in both classes (one can check this fact by solving U classA = U classB ).
IV. PME STATES IN ANY DIMENSION
We can now construct PME states in arbitrary dimensions for an even number of parties 2n. Let |φ + be a maximally entangled state of the form
Then the state
shared between 2n parties is a PME state. The proof is by expansion as seen by a simple example, say for n = 4.
2
The state is then given by
It is then clear that any subsequent indexes for four particles pertain to a complete set of orthogonal basis with the remaining indices pertaining to another similar set. This is also best seen in figure (2) . One can easily check that any two consecutive qudits in this state are orthogonal, proving that the state is a PME. We call these states dimerized PMEs, since they are a juxtaposition of dimer states of |φ + on sites of a chain, although each dimer is extended over sites which are far away.
We can now construct more complicated PMEs by acting on the state |Ψ , by controlled operators. Let
where Λ i,j (U ) is the controlled operator acting on sites i and j, where site i is the control site and site j is the target site:
where in the last equality we have introduced the shorthand notation
This is a class of multi-parameter PME states. For the sake of clarity, we write their explicit form for the case when n is a small number, say n = 4. The argument for this simple case can easily be seen to work for arbitrary values of n. For n = 4, we have
It is obvious that
with similar results when U is replaced by any other unitary operator. We should now prove that any four consecutive index set in the expansion (26), corresponds to a full set of orthogonal vectors. A direct examination of (26) using the result (27) shows that this is indeed the case. As an example consider the indexes 3, 4, 5, 6. Starting from the leftmost states and using (27) repeatedly, we find
which clearly shows that the density matrix of the rest of the particles is proportional to identity. Figure ( 3) shows the circuit which produces these states when the input state is the basic PME state |Φ + of equation (22) .
One can produce another class of PME states and
by reordering the controlled gates of the circuit in figure ( 3), as shown in figure (4) . The explicit form of the resulting state (for n = 4) is now written as:
Note that as long as the operators U, V and W do not commute, the two circuits in figures (3) and (4) cannot be converted to each other and they produce inequivalent PME states. 
V. APPLICATIONS OF PME STATES
It has been shown that AME states, due to their nice properties, can find applications in many areas, notably in parallel teleportation and quantum secret sharing [11] and in error correcting codes [14] and finally in making microscopic models of holographic duality [20] [21] [22] . Naturally PME states, which share many of the properties of AME states may also find such applications to a lesser or even greater degree. We will now explore these aspects.
A. Parallel Teleportation
Given a PME state, if we split the qudits into two planar groups A and B (i.e. where each group is a connected partition) with |A| = |B|, we have seen that the PME can be written as
where U is a unitary and {|K } is a basis for the A or the B part. So, if the B part performs a unitary transformation U † on their qudits, the state turns into
which is a maximally entangled state. It is now possible for A and B to teleport any state of dimenions d |A| . Note that this requires that the B part be all in one place or lab, such that a unitary ∈ SU (|B|) can be applied to that part of the state. The main difference between an AME and a PME in this case is that for an AME, teleportation is possible between any two partitions, while here it is possible only between connected partitions.
B. Quantum State Sharing with PME states
The PME states can be used for quantum state sharing (QSS) between 2n − 1 players so that any adjacent players of size greater than n can recover the state. The difference with the AME state is that the players should be adjacent to each other, i.e. they should form a connected subset of the set of players. The idea can be understood by a simple example. Consider the case n = 2 where the PME state is
In view of Eq. (1), the PME state of four particles can be expressed in different ways, depending on which bi-partition we are interested it as
or equivalently
where U and V are two unitary operators. Let the first player be the distributer whom we call Alice. She can then encode a basis state as
An arbitrary state is obviously encoded by linear extension
If the players (3, 4) want to retrieve the state, they act on the state |S(i) by the operator U −1 to decode it to
and if the players (2, 3) want to retrieve the state, they act on the state |S(i) by the operator V −1 to decode it to
In both cases an arbitrary state is retrieved by one member of the legitimate party. The same reasoning is true for other legitimate sets, like (4,1).
This argument can easily be extended to larger number of players. Let us denote the distributor by the index a, call her Alice, the player who is going to retrieve the state by b, call him Bob. The collaborators of Bob form a connected subset of size n − 1. Call this subset B. The rest of the players together form a connected subset of size n − 1 which we call A.
Then the state can be written as
where we have used the PME property that for any connected subset of size n, Φ(k 0 , k )|Φ(k 0 , k) = δ k0,k 0 δ k,k . Now Alice encodes the qudit |k 0 a as follows
We now note that the A part is in a completely mixed state, since
which means that neither the A nor any smaller subset of it can recover the state. Furthermore, we find that the state can be retrieved by members in (b, B) by applying U −1
Remark: Note that this division of players is completely arbitrary as long as the size of the A and the B part are equal to n. The form of the operator U depends on the bi-partition, as in Eqs. (10 and 11), but we are sure that such a unitary exists due to the PME property of the state.
VI. ROBUSTNESS AGAINST ERASURE
An AME state of size 2n is very robust against erasure in the sense that if any number of qudits are lost the state can be reconstructed from the remaining part, provided that the size of the remaining part is equal to or larger than n.
The robustness of PME states is similar and less than those of AME states in the sense that they can be reconstructed only from any connect subsets of the qudits provided that the size of this remained connected part is larger or equal to n. This still leaves a lot of room for the stability of PME state against erasure. In other words erasure of a few qudits can destroy the identity of a PME state only if they are so far apart that they do not leave any connected subset of size ≥ n. In this one can say that only non-local erasure of qudits can destroy the identity of a PME state.
VII. CONCLUSIONS
Planar Maximally Entangled (PME) states are those n-partite states for which each set of adjacent particles whose size is less than or equal to n 2 is in a totally mixed states. These are a generalization of Absolutely Maximally Mixed (AME) states which have been extensively studied and have many applications in quantum information theory. The AME states are a subclass of PME states, that is, any AME state is a PME state, but the converse is not true. We have investigated these states, classified all such states for four qubits, where we have shown that there are two families of such states, a two-parameter family and a four parameter family, the intersection of which is the dimerized Bell state |Ψ = |φ + 13 |φ + 24 . This is in contrast to AME states where there is no such state [25] . We have then constructed a large family of such states in any dimension and for any even number of particles. The PME states share many of the properties of AME states which makes them suitable for application in parallel teleportation, in quantum secret sharing and in quantum error correction, with appropriate modification. These modifications are such that "any subset" in AME applications should generally be replaced by "connected subsets" or subsets of adjacent particles provided that their size exceeds the threshold of n 2 .
Although we have constructed large families of PME states, this construction may not be exhaustive and it would be interesting to classify all possible PME states for any number of particles and any dimension. Another interesting line of research is to see if or how PME states can replace the AME states in constructing microscopic models of Holographic duality and AdS/CFT correspondence. It is known that some kinds of AME states, like the 5 qubit code, have been used in constructing such models known HaPPY code [22] . The main property which has been effective in constructing such models is the correspondence between AME states and isometries and the graphical representation of tensors. In the AME case the isometric property holds true no matter how we divide the legs of a tensor into input and output legs. In the PME case this division can be made only for adjacent legs. Whether these kind of tensors can be used to make tessellations of two-dimensional space is an interesting line of work.
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